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BRIGHT LINES OR BLURRY LABELS?:
INTERPRETING THE "FUZZY LOGIC" OF BANKRUPTCY LAW

WALTER A. EFFROSS*

[U]nlike mathematical symbols, the phrasing of a document, especially a complicated
enactment, seldom attains more than approximate precision . . . Apart from the ambiguity
inherent in its symbols, a statute suffers from dubieties. It is not an equation or a formula
representing a clearly marked process. . . .

−Justice Felix Frankfurter, 19471

[T]he theoretical foundation of [fuzzy logic] is actually quite precise and rather mathematical
in spirit. . . . In effect, the level of precision in a particular application can be adjusted to fit
the needs of the task and the accuracy of the available data.

−Professor Lotfi Zadeh, 19732

The emerging mathematical discipline of "fuzzy logic" has recently sparked dramatic efficiencies in modern
industrial processes while inviting comparisons to the age−old philosophies of Taoism and Zen. As concepts
of "fuzziness" have filtered from technical journals3 to popular science magazines4 to trade paperbacks,5

they have begun to appear in legal commentaries as well.6

Though this unique mathematical method reflects and reduces the ambiguity in definitions and rules, the few
discussions of its implications for the legal process either emphasize the logic and generalize about the law7

or vice versa.8 This paper attempts to bridge the two fields more effectively by analyzing the elements of
fuzzy logic and suggesting ways in which they may be used to model and manipulate the building blocks of
bankruptcy law.9

Parts I and II of this paper address "fuzzy sets," which heighten the sensitivity of traditional "true−false" logic
by introducing different degrees of "truth" to reflect variations in the objects, people, or situations under
examination. These sets and their combinations can be used to refine concepts currently undefined or vaguely
described by the Bankruptcy Code.

Part III examines "fuzzy decision theory," which addresses simultaneously two different forms of ambiguous
criteria relevant to decision−making. This process may prove useful not only for judges and lawyers but for
also for legislators.

In Part IV, uses overlapping sets of "fuzzy algorithms"− simple "if−then" rules incorporating varying degrees
of indeterminacy, in model situations whose actual intricacy would be difficult to reduce to equations or even
verbal descriptions. Through systems of such rules, fuzzy logicians attempt to "emulate the approximation of
the human reasoning process, quantify imprecise information, and make decisions based on vague and
incomplete data. Applying a 'defuzzification' process, they attempt to arrive at definite conclusions."10



At this stage, fuzzy logic has come full circle. Where it initially added color to the black and white palette of
classical logic, its fuzzy rules now separate and simplify the rich hues found in the spectra of complex
functions. Yet paradoxically, "by moving away from the use of quantified variables and toward the use of the
type of linguistic descriptions employed by humans, we acquire a capability to deal with systems which are
much too complex to be susceptible to analysis in conventional mathematical terms."11

Part V briefly discusses the promise of "fuzzy expert systems," which, by combining factual databases with
fuzzy legal models, would be able to offer instant and informed legal guidance.

I. FUZZY SETS

A. Blurring Classical Boundaries

From its origins in the mid−1960's,12 Lotfi A. Zadeh renamed the "multivalued logic" of his predecessors as
"fuzzy logic" and began reinvigorating it in his seminal paper, Fuzzy Sets.13 Fuzzy logic crystallized around
the proposition that "in sharp contrast to the notion of a class or set in mathematics, most of the classes in the
real world do not have crisp boundaries which separate those objects that belong to a class from those that do
not." 14 Instead, "everything is a matter of degree."15

Every day we encounter the ambiguity of "fuzzy" classes, such as the class of "tall people." In a given crowd
it may be easy to identify the tallest person, and slightly more difficult to spot "all people (if any) over six feet
tall," but how many of the group can simply be called (i.e., are members of the class of) "tall people"?16 We
may all be able to agree that a seven−foot tall person is "tall," and a four−foot tall person is not; but where
between is the dividing line between theses two extremes?

A related inquiry was posed by Greek philosophers as sorites or "the paradox of the heap": at what point does
a pile of sand from which grains are removed one by one until nothing remains stop being a "pile?"17

1. Truth Values

a. Classical

Classical or "binary" logic aggravates this ambiguity by restricting the "truth value" of any statement to one of
two alternatives. For example, "Chief Justice Rehnquist is a tall person" or "On this table is a pile of sand" can
either have a "truth value" equal to 1 (when the statement is true) or 0 (when the statement is false).

b. Fuzzy

By contrast to the traditional "crisp" definition of truth, in fuzzy logic the truth value of a statement can
occupy any value in the range between (and including) 0 and 1, depending on the extent to which its subject
(Chief Justice Rehnquist or a particular collection of sand grains) belongs to the specified class (of tall people,
or of piles of sand). A value of 0 indicates that the individual in question does not belong to the class at all; a
value of 1 indicates full belonging.

2. Set Theory

The truth and falsity of logical statements are often expressed through set theory.18 For example, for each
statement about members of a group or "set," there will be a subgroup or "subset" of none (the "empty set") or
more members for which the statement is true.

a. Classical

In terms of set theory, the classical approach leads to "crisp" sets. An individual member of the "universe" (of
all people, or of all piles of sand) either does or does not belong fully to a given set: Chief Justice Rehnquist



either is tall or is not, and the sand grains on the table either constitute a pile or do not.

To this extent, traditional logic rounds off, or approximates, variations among members of a class. For
instance, the natural distribution of heights among a large population, which generally takes the shape of a
"bell curve," would be reduced to a "step function," as in Figure 1.

b. Fuzzy

Fuzzy logic, however, involves "fuzzy sets" which allow individuals to be "partial members."19 A fuzzy set is
a class "in which the transition from membership to non−membership is gradual rather than abrupt."20

Thus, variations in heights would be more closely reflected, as in Figure 2.

Notably, admitting such degrees of belonging also allows an individual to be described as simultaneously a
member (of value v, between 0 and 1) of one set (say, tall people) and a member (of value 1 − v) of the
"complementary" set of all universe members who are not in the first set ("people who are not tall"). To the
extent that fuzzy logic admits that a statement and its opposite can both be (partially) true, it rejects formal
logic's "law of the excluded middle" and embraces the more holistic perspectives of Taoism21 and Zen
Buddhism.22 In examining Zen's unique combination of mental and physical apprehension, one scholar has
observed that the stick displays Zen's "persistent and often violent opposition to words and then to the intellect
which deals exclusively in words."23 Indeed, formal logic itself can be seen as a special case of fuzzy logic, in
which truth values are restricted to 0 and 1.



i. Fuzzy Membership Function

In mathematical terminology, a fuzzy subset A of the "universe" or collection X of individual member x's is
characterized by their "membership function," A(x). For each x in X, A(x) is equal to the degree of
membership in of x in A.

To continue our example, we will let T be the fuzzy subset "tall people" of the universe P of all people. For
each person p in the universe P, the membership function T(p) will produce the value of p's membership in the
subset T.

Let us consider a smaller universe V of three judges (Judge 1, Judge 2, and Judge 3), and assume that the
membership function T(p) would produce the following values for members of S:

T(Judge 1) = 0.8

T(Judge 2) = 0.7

T(Judge 3) = 0.5.

B. Bankruptcy Applications

Fuzzy logic provides a flexible means of defining in practice, concepts whose numerical parameters are not
specified by the Bankruptcy Code ("Code"). Variations in local practice may easily be incorporated, even if
their own contours are not exact.

1. Definitions

Compared to such statutes as the Internal Revenue Code, the Code can be considered relatively "fuzzy." In
keeping with the equitable nature of the bankruptcy court,24 the Code grants bankruptcy judges great
discretion25 and other than specifying various deadlines, imposes few absolute mathematical constraints (e.g.,
the specific dollar amounts of federal exemptions in section 522(d)) on debtors and creditors).26 However, the
Code does contain many relative constraints, whose exact parameters are set by the factual situation at issue.
For example, without specifying dollar amounts, section 547(b) generally enables the trustee or
debtor−in−possession to avoid "preferential" transfers that enable the transferee to receive more than the
transferee would have received in a chapter 7 liquidation. Clearly, that amount, and thus the preference
determination, is fact−sensitive.

Because the Code does not formally define many of its key expressions and concepts,27 courts seeking to use
such terms have applied a range of hermeneutic methods. They refer variously to: the use of the term or
related terms in the law of the relevant state28 or in other sections of the Code than those at issue;29 the use of
the term in other statutes;30 the legislative history of the Code section31 or the court's inference regarding
what Congress meant;32 the test33 or "traditional equitable definition"34 applied by other courts; and the
term's "established meaning" from non−bankruptcy decisions.35

Indeed, bankruptcy courts have themselves defined such equitable terms as the "other cause" that justifies
reopening a case under section 350(b).36 Alternatively, as with "shopping center" under section 365(b)(3),
they have found that "the proper definition of [an undefined term] is 'left to case−by−case interpretation.'"37

As discussed below,38 the application of the Code's terms, and possibly the terms themselves, can be clarified
by the principles of fuzzy logic. Central to this inquiry is the determination of an appropriate membership
function for the term in question. In addition to taking into account the factors above, accurate calibration of
the membership function should include consideration of local practice.

a. Local Legal Culture



In a land whose population was markedly taller or shorter on average than people elsewhere, both the crisp
and the fuzzy definitions of "tall person" might change. For example, in a culture where everyone was taller
than was average elsewhere, a "tall person" might be naturally defined as even taller than a "tall person"
elsewhere.

Similarly, local legal customs and practices can shift the parameters of concepts critical to bankruptcy law. A
growing body of empirical scholarship,39 particularly in the area of consumer bankruptcy, has explored the
genesis and persistence of "local legal cultures," defined by Professors Teresa Sullivan, Elizabeth Warren and
Jay Westbrook as:

systematic and persistent variations in local legal practices as a consequence of a complex of
perceptions and expectations shared by many practitioners and officials in a particular
locality, and differing in identifiable ways from the practices, perceptions, and expectations
existing in other localities subject to the same or a similar formal legal regime.40

For example, this team observed significant differences, apparently unrelated to the economic circumstances
of debtors in different areas, among the states, in the number of personal bankruptcy petitions filed per
100,000 population;41 among the bankruptcy districts, in the choice of chapter 13 as an alternative to chapter
7; 42 and among the districts, in the choice and extent of repayment in chapter 7 (by reaffirmation agreements)
and chapter 13 (by repayment plans).43

These differences have been attributed to the local influence of judges (who set attorneys' fees, as well as the
procedures, for the two types of cases), lawyers (who influence clients through their own advertising, beliefs,
and degree of cooperation or competition with other lawyers), trustees (who set procedures and administer
proceedings), local consumer credit counseling agencies (who help borrowers decide if and when, and under
what chapter, to file), and creditors themselves (who select relatively aggressive or passive local lawyers, and
who determine when to object to different aspects of bankruptcy proceedings).44

The influence of local culture adjusts such core, yet undefined, concepts as that of "good faith." For example,
because chapter 13 plans must provide for payment to unsecured creditors for at least the amount that they
would have received in the chapter 7 liquidation of the debtor,45 if a "no−asset" debtor has no non−exempt
assets to distribute in a chapter 7 proceeding she can theoretically provide a "0%" plan, which would not pay
general unsecured creditors at all.46

However, Professor Jean Braucher, who studied bankruptcy filings in Austin, Dayton, Cincinnati and San
Antonio, has noted that as a practical matter "chapter 13 trustees and judges in the[se] four cities effectively
deter 0% plans and keep most plans above a [widely varying] floor percent that is known to local
practitioners. The lawyers then respond by rarely or never submitting plans with less than the specified
percentage . . . . [I]n all four cities, lawyers can sometimes get plans confirmed below the floor, if they
convincingly establish inability of the debtor to pay more."47 She speculates that this de facto rule might be
justified as "a presumptive case of 'good faith,'" under the Code.48

In such a jurisdiction, a lawyer can define "good faith" in this context by a function GF that operates over the
range (0 percent to 100 percent) of possible repayments to undersecured general creditors. Just as the tallness
function T(p) rose in figure 1 from 0 at 0 feet tall to 1 at six feet tall and remained at 1 for people taller than
six feet, so the function GF would generally rise from 0 for 0 percent repayment to 1 at the local target
percentage of such Chapter 13 repayments and then remain at 1 for any percentage above that.

II. FUZZY SET OPERATIONS

It might be argued at this point that the apparatus of fuzzy logic has been assembled for no greater purpose
than to illustrate the variability possible among interpretations of Code terms, which certainly could have been
accomplished without mathematical considerations.



However, the true value of fuzzy sets lies in their use in analyzing definitions that themselves incorporate
several fuzzy terms. This level of application involves the union and intersection of fuzzy sets.

A. Unions and Intersections

1. Classical

Chief among the operations performed in the conventional theory of sets are union and intersection.

a. Union

The union of two sets is the set containing all the members of each of the two sets. For example, in the
"universe" V of all people, the union of the set T of all tall people and the set S of all slim people, expressed
by the notation T U S, is the set containing all people who are either tall or slim.

b. Intersection

On the other hand, the intersection of two sets is the set containing those items that are members of both sets.
The intersection of the set of all tall people and the set of all slim people, expressed as T ^ S, is the set of all
people who are both tall and slim, i.e., the set of all tall slim people.

The "crispness" of these operations results from the sharp classification of any person as either "tall" or "not
tall," and as either "slim" or "not slim." For these purposes, the members of any one of the resulting sets, for
example, "tall slim people," are further indistinguishable from each other by degrees of height or slimness.
The two sets and their union and intersection can thus be depicted as in Figure 3.

If, in our example, we considered the "universe" consisting of Judges 1, Judge 2, and Judge 3, and found that
only Judge 1 and 2 were "tall" and only Judges 2 and 3 were "slim," we could construct the diagram in Figure
4.



2. Fuzzy49

By contrast, as discussed above, fuzzy logic distinguishes degrees of tallness and slimness by the membership
functions T(p) and S(p), respectively.

For each person p in the universe V, there thus corresponds the descriptive list or "ordered pair" D(p) of the
two measurements, T(p) and S(p):

For each person p, D(p) = [T(p), S(p)]

For example, if the respective slimnesses of Judge 1, Judge 2, and Judge 3 are taken as 0.6, 0.4, and 0.9,
respectively, so that:

T(Judge 1) = 0.8 S(Judge 1) = 0.6

T(Judge 2) = 0.7 S(Judge 2) = 0.3

T(Judge 3) = 0.5 S(Judge 3) = 0.9

We then have:

D(Judge 1) = [0.8, 0.6]

D(Judge 2) = [0.7, 0.3]

D(Judge 3) = [0.5, 0.9].

By representing T(p) on the x−axis and S(p) on the y−axis,50 we can chart the respective representations of
Judge 1, Judge 2 and Judge 3. See Figure 5.



Clearly, an individual person p could, depending on her degrees of membership in classes T and S, be
represented by a point anywhere within the box bordered by the ordered pairs [0,0], [0,1], [1,0] and [1,1].
However, classical logic would restrict each individual to one of these four points (corresponding to people
who are, respectively, short and heavy, short and slim, tall and heavy, and tall and slim).51

In conventional set theory, unions and intersections are performed on the sets containing the members p
themselves (e.g., tall people, slim people), and result in other collections of individuals. However, in fuzzy
logic unions and intersections operate on the corresponding D(p)'s, and result in new ordered pairs.

a. Fuzzy Union

The fuzzy union of D(Judge 1), D(Judge 2) and D(Judge 3) is the class containing the greatest degree of
tallness and the greatest degree of slimness from among these three judges, even if these degrees belong to
different people. Since the greatest degree of tallness among the judges is 0.8 (from Judge 1), and the greatest
degree of slimness is 0.9 (from Judge 3), the union of the three Judges is [0.8, 0.9]. Among them, the judges
best satisfy the "tallness" criterion to the degree 0.8 and the "slimness" criterion to the degree 0.9.

b. Fuzzy Intersection

Conversely, the fuzzy intersection of the three Judges represents the greatest common degree to which the
Judges belong to each of the fuzzy sets in question. The intersection of the three judges would be 0.5 for
tallness (Judge 3) and 0.3 for slimness (Judge 2), or [0.5, 0.3].

C. Optimization

1. Classical

To find "tall slim judges" from among the limited set considered, in classical logic we just isolated the tall and
slim subsets of this "universe" and found their intersection: that is, which members belonged to both.

2. Fuzzy

In fuzzy logic, however, the intersection of the universe members' degrees of membership in the categories of
"tall people" and "slim people" produced an ordered pair which corresponded to none of the three judges.
What, then, is the optimal or "crisp" answer, which one judge maximizes the combination of "tallness" and



"slimness?"

One "straightforward"52 means of choosing the optimal answer is to identify the member of the universe that
contributed the largest of the degrees of membership to the intersection set. Similarly, another fuzzy logic
textbook proposes that "If the decision maker wants to have a 'crisp' decision proposal, if seems appropriate to
suggest to him the dividend which has the highest degree of membership in the fuzzy set 'decision,'" as above.
53 That is, since Judge 3 contributed 0.5 (for tallness) and Judge 2 contributed only 0.2 (for slimness), and 0.5
is greater than 0.2, Judge 3 is the closest to a "tall slim person" among the judges.54

3. Fuzzy Refinements

a. Additional Factors

Like classical logic, fuzzy logic can accommodate additional factors, through the inclusion of additional
membership functions to the description function.

For instance, the judges could be distinguished by their golfing ability by the addition of the membership
function g(p), whose value for any person p takes on a value in the range from 0 (poor golfer) to 1 (excellent
golfer). The description function:

D(p) = [T(p), S(p)]

would be expanded to become:

D'(p) = [T(p), S(p), G(p)].

Of course, the inclusion of none, one, two, or three of the judges in the class of "good golfers" could be
accomplished by adding an additional circle to the Venn diagrams of classical logic. (In fuzzy logic, the new
criterion would literally add a dimension to the analysis. The judges would be represented by points along
three axes, the mutually perpendicular x−, y−, and z−axis).

Clearly, with enough time, paper, and patience, an unlimited number of factors can be added to the Venn
diagram depiction, which itself remains two−dimensional. By contrast, beyond three dimensions the fuzzy
logic representations of the judges could not be rendered graphically, since they would appear in "n−space,"
or an imaginary "space" with the dimension n of factors in use.

b. Weighting Factors55

If the n criteria that the decision−maker applies are of unequal importance to her, weighting factors, whose
aggregate total must be 1, can be applied to each criterion function. For example, if in the situation above the
judges' tallness was of prime importance and their slimness of relatively little significance the function D(p) =
[T(p), S(p)] could be recalibrated as:

D'(p) = (0.8) T(p) + (0.2) S(p)

As opposed to the optimization procedure above, the optimal choice of Judge p will be the judge for which
D'(p) is the greatest, or, in this case, Judge 1:

D'(Judge 1) = (0.8)(0.8) + (0.2)(0.6) = .72

D'(Judge 2) = (0.8)(0.7) + (0.2)(0.3) = .62

D'(Judge 3) = (0.8)(0.5) + (0.2)(0.9) = .58



C. Bankruptcy Applications

The Code contains multi−prong tests, all of whose factors must be satisfied for the test to be satisfied,56 as
well as multi−alternative tests, only one of whose factors must be satisfied.57 In addition, many of these
factors are themselves multi−prong or multi−alternative tests.

Generally, any single factor may be susceptible to fuzzy analysis. For example, the multi−prong tests with one
or more fuzzy factors can be analyzed as intersections of fuzzy sets; and multi−alternative tests with one or
more fuzzy factors can be analyzed as unions of fuzzy sets.

1. "Undue Hardship"

An example of a fuzzy definition that can be expressed as the intersection of fuzzy sets is the concept of
"undue hardship" in the context of section 523(a)(8)(B),58 which prohibits the discharge of an educational
loan unless "exempting such debt from discharge . . . will impose an undue hardship on the debtor and the
debtor's dependents."59

a. Eighth Circuit Test

Four Courts of Appeals have endorsed two separate tests for determining "undue hardship."60 First, the
Eighth Circuit found that:

each bankruptcy case involving a student loan must be examined on the facts and
circumstances surrounding that particular bankruptcy for the Court to make a determination
as to "undue hardship." The bankruptcy court must determine whether there would be
anything left from the debtor's estimated future income to enable the debtor to make some
payment on his/her student loan without reducing what the debtor and his/her dependents
need to maintain a minimal standard of living.61

Clearly, the underlined concepts are fuzzy, in the sense that they are not likely to be taken literally but rather
as guidelines for an unenunciated and fact−sensitive range of values. That is, despite the use of the words
"anything" and "some," a bankruptcy court presumably might find "undue hardship" even if the debtor's
estimated future income would allow the debtor to make a payment of 50 cents, or one dollar, per month on
the student loan without reducing the amount needed for a minimal standard of living. Of course, if the debtor
could spare $50 a month for loan repayment without affecting her and her dependents' minimal standard of
living, the court would not be so sympathetic.

Instead of finding the exact amount at which the debtor's spare cash becomes so significant as suddenly to
constitute "something," fuzzy logic could create a membership function F($) to model the substantiality of the
debtor's free funds for this purpose, with, say, F($0.50) = 0 and F($50) = 1.

Similarly, the question of whether such a payment would reduce the minimal standard of living, and the
assessment of the budget for that standard of living itself, would turn on the court's assessment of the
proposed plan to support this standard. A lawyer experienced in consumer bankruptcies could probably
construct a fuzzy model of the budget for the family in question, by adding fuzzy financial figures
representing the costs of various items for each affected person.

Finally, the estimation of the debtor's future income invites ambiguity. The completed fuzzy model of "undue
hardship" under the Eight Circuit standard might involve a membership function of the following type:

A(plan) = [F(standard of living), G(future income),

H(amount payable)]



where A(plan) is the acceptability to the court (from 0, unacceptable, to 1, acceptable, of a given plan
proposed by the debtor), F(standard of living) is the acceptability to the court of the minimal standard of
living identified by the debtor as appropriate, G(future income) is the acceptability of the debtor's estimate of
future income, and H(amount payable) is the substantiality of the amount the debtor calculates will be
available, with the above variables set as indicated, to repay the loan.

In estimating the possible success of an "undue hardship" argument, the debtor and her attorney will estimate
the value of these functions for different values of the variables, attempting to optimize the membership of the
plan in the set of acceptable plans.

b. Second Circuit Test

A similarly fuzzy approach, with the addition of functions for "persistence" and "good faith," can be taken to
the Second Circuit's three−part test for "undue hardship."62 which was advanced six years after the Eighth
Circuit's test:

(1) that the debtor cannot maintain, based on current income and expenses, a "minimal"
standard of living for herself and her dependents if forced to repay the loans; (2) that
additional circumstances exist indicating that this state of affairs is likely to persist for a
significant portion of the repayment period of the student loans; and (3) that the debtor has
made good faith efforts to repay the loans.63

This test was adopted six years later by the Seventh Circuit, which explicitly rejected a rival three−part test
applied by the bankruptcy court and the district court.64 Most recently, the Sixth Circuit declined to champion
one test over the other, since, although the bankruptcy court had not specified which of the tests it was
following in finding "undue hardship" to the debtor, the loans in question were dischargeable "under any
hardship test the court may have used in reaching its decision."65

2. "Plain Language" Yardsticks

Although the Supreme Court has recently appeared to endorse the "plain meaning" of Code sections at issue,
66 commentators have questioned whether this hermeneutic technique is itself dispositive.67 Not only does the
disagreement among the Courts of Appeals indicate a fundamental ambiguity in the language in question, but
the Court's method for obtaining "plain meaning" may itself be inconsistent.68

It has been suggested that despite the Court's announced agenda of adhering to the "plain meaning" of specific
Code provisions, in actually interpreting subsections the Justices "incorporat[ed] material from six realms of
relevance, each progressively more inclusive and farther removed from the literal meaning of the code section
in question [and containing] inherent ambiguities and contradictions."69

Specifically, the language of a Code subsection can be evaluated in the contexts of:

1. The language itself, "in a vacuum;"

2. The Code section containing the subsection at issue;

3. Different Code sections containing (or omitting) the same or similar language;

4. The policies behind the Code;

5. The policies behind other statutes; and

6. Equitable considerations.70



A fuzzy model of Code interpretation, which could be used either to estimate the acceptability of a given
interpretation or to model the Court's precedent concerning such interpretations, could include an "interpretive
strength" function that incorporated six membership functions, each corresponding to the acceptability in one
of these six contexts of a given interpretation of a Code subsection. For a given interpretation i, the
acceptability of the interpretation could be gauged as, B(i) = [S1(i), S2(i), S3(i), S4(i), S5(i), S6(i)], where
S1(i) is the support (from 0, complete contradiction, to 1, complete support) that the first category of
interpretation (language in a vacuum) adds to the interpretation, S2(i) is the support added by the second
category, and so on.

For example, Rule 9006(b)(1) allows a bankruptcy court "at any time in its discretion" to allow, upon motion,
an act to be done or notice to be given past the formal deadline for such act or notice, "where the failure to act
was the result of excusable neglect."71 In Pioneer Investment Services Co. v. Brunswick Assoc. Ltd.
Partnership,72 the Court construed "excusable neglect" broadly, to include circumstances in which the
movant had not been the victim of uncontrollable circumstances. The Court held that "the determination is at
bottom an equitable one, taking account of all the relevant circumstances surrounding the party's omission,"73

including "the danger of prejudice to the debtor, the length of the delay and its potential impact on judicial
proceedings, the reason for the delay, including whether it was within the reasonable control of the movant,
and whether the movant acted in good faith."74

In affirming the fuzziness of "excusable neglect" and identifying some of its components, the Court cited a
collegiate dictionary's definition of "neglect"75 and also the expansive construction of "excusable neglect" in
the Federal Rules of Civil Procedure.76 Thus, the membership of this interpretation in the set of acceptable
interpretations might be seen as

B(i) = [1, .5, .5, .5, 1, 1].

However, the four−Justice dissent cited a standard legal dictionary's entry for "excusable neglect," which
focused on the circumstances leading up to the missed deadline rather than the consequences of the failure to
meet the deadline.77 The dissent bolstered this view with the observation that Rule 9006(b)(1) by its own
terms requires that "unless the failure to act was the result of excusable neglect relief is unavailable."78

To reflect this disagreement, a new function, B'(i), could be derived to indicate the acceptance of a given
interpretation i by the entire court; in this example, the dissent's opposed view of the Rule's "plain meaning"
would lower the first component of B(i) from 1 to some lesser number. (The simplest way would be to assign
each Justice a weight of .11, or 1/9; since the Rule's own language led five Justices to vote for, and four
against, the interpretation in question, the first component of B(i) would thus be 5/9, or .55.)

3. Principles vs. Rules79

The fuzzy view of legal decision−making efficiently incorporates the distinction made by Ronald Dworkin80

between the strictness of rules ("A debtor may not file a Chapter 7 petition more than once in six years") and
the relative flexibility of the underlying principles, which may themselves conflict ("Debtors are entitled to a
'fresh start'"; "Debtors should not be allowed to abuse the bankruptcy process by certain types of repeated
filings."). A membership function is rule−like in that it, and its component functions, assign specific values to
the satisfaction of specific criteria; yet the effect and interplay of the principles are given effect by the relative
weights given to the component functions before the optimization process begins.

Indeed, Bart Kosko sees the legal process not as a "decision tree," in which the interlocking of facts with
successive rules leads inexorably to a legal conclusion, but as a set of simultaneous balances, through which
the judge fits fuzzy facts to the relevant principles, each of which carries a certain weight. "The judge weighs
the principles and cites case precedents to back up the weights.81 He states that the judge does not give the
weights as numbers− at least today a judge does not− but they are a matter of degree."82

III. FUZZY DECISION−MAKING 83



Both classical and fuzzy decision theory are geared towards selecting the one that produces the maximum
utility from a group of alternatives. If the alternatives are represented on the x−axis and the corresponding
utilities on the y−axis, the correspondence of alternatives to utilities can be represented linguistically as "If x,
then y."

Classical decision theory, then, seeks to find whichever x maximizes y. However, fuzzy decision theory
places an independent utility on the appropriateness of the choice of x itself, and seeks simultaneously to
maximize the choice of x and y. This approach, while in its own way creating applications for bankruptcy law,
leads to the crucial development of fuzzy rules, examined in Part IV, below.

A. Introduction

Decision theory selects from a set of alternatives, subject to a set of constraints on the choice between
different alternatives, the alternative whose utility or performance, as determined by a performance or utility
function, is the closest to the specified goal.84 One analysis of fuzzy decision−making has concluded that
under conditions of risk "there is no longer an optimum policy but a class of optimum policies with varying
degrees of risk."85

For example, a law student returning to her apartment faces a goal: to have the dinner most conducive to her
studying for two hours and then going to sleep. She may face the following constraints on alternatives: she
does not have enough cash to send out for food, she is too tired to go out to the automatic teller machine and
then, if she does not go out, the store is too crowded or too far to drive to. Thus, her alternatives are confined
to what is in her refrigerator: leftover pizza, a cake, and five apples. Deciding that the utility of the pizza
(which might keep her from falling asleep easily) and the cake (which might make her too sleepy to study) are
low, that eating three of the apples would leave her too hungry and all five, too full, the student decides to eat
four apples for dinner.

B. Conventional Decision Theory86

More generally, many problems in decision theory lend themselves to modeling along x−y axes. The different
alternatives, such as an amount of money to invest in a given opportunity are usually represented by various
values of x, which occur over an interval (say, between 0 and 10). The relevant performance or utility function
matches or "maps" each of these values of x to a corresponding y−value. The goal is usually to find either the
alternative (value of x) that will maximize utility (y) or to find the alternative that corresponds to a given
performance or utility level (value of y).

A simple example of such an approach involves the degree to which the law student can study for an exam
three days away. The set of alternatives, X, consists of all values from 0 (no time spent studying) to 72 hours
(100% of the time studying).

The performance function (which will not be specified here), as reflected in the y value associated with each x
value, indicates that up to a certain point increasing study provides benefit, but that further study will produce
decreasing (and, at some point, as the student foregoes sleep, even lower) benefits.87

In this standard approach to decision−making, the constraints on the value of x are non−fuzzy: that is, they are
of the form, "x is any amount between 0 and 72." The performance function takes values of x and maps them
into values of y. In other words, the problem is reduced to finding the appropriate value (goal) of y
(performance or utility) across all relevant x's (alternatives, subject to constraints).

The goal can be crisp, such as, "find the best amount of time [i.e., the amount of time x that produces the
greatest utility y] to study [between 0 and 72 hours]." The goal can also be fuzzy: "find an amount of time that
I need to study to achieve a proficiency in the vicinity of 70% of my maximum." In either case, however,
conventional decision−making is indifferent to the relative values of choosing among different alternatives
(values of x) so long as the appropriate goal (value of y) is achieved.



C. Fuzzy Decision Theory88

By contrast, fuzzy decision−making treats not only the goal (y−value) but also the constraints (x−values) as
fuzzy. That is, to each alternative x corresponds not only a y−value, U(x), for the utility of x, but also a
constraint value, C(x), for the constraint value of x. Thus, there is a function F such that for each alternative x,
F(x) = [U(x), C(x)]. In other words, goals (restrictions on y) and constraints (restrictions on x) are treated the
same, or "symmetrically."89

For the student who recognizes that 7 hours of sleep per night is necessary and who has other unavoidable
commitments in the week before the examination, the alternative times to study themselves become fuzzy.
The student may say, "I want to master about 80% of the material but I also want to study somewhere around
35 hours."

In effect, while the student applying conventional decision theory is solving the single equation, U(x) = y for a
specified value of y, the student applying fuzzy logic is finding the x that has highest degree of belonging both
to U(x) and C(x), which may appear as in Figure 7.

The intersection of these two functions of x will provide the appropriate set of times that could be used to
study, and the optimization function here is used to select the best.

D. Fuzzy Decision−Making Refinements

Beyond the limited scope of this paper, there are fuzzy logic techniques for the optimization of choices by
means other than the technique described in Part II. B, above. The basis of a popular method, is to take the
"mean" or "center of gravity" of the set of points in n−dimensional space that correspond to various
alternatives available to satisfy n different criteria.90

Nor does this discussion consider the substantial literature that has evolved concerning the fuzzy modeling of
decisions made by more than one person ("n−person game theories"), beyond noting that a distinction is made
between situations in which different decision−makers with different goals consider the same information and
independently arrive at different utility rankings of the alternatives ("group theories of decision−making") and
situations in which the decision−makers share a goal but each have access to a different subset of the
information relevant to the decision ("team theories of decision−making").91

E. Bankruptcy Applications



As noted, the chief application to bankruptcy law of fuzzy decision theory may be in the construction of fuzzy
rules, which are discussed in Point V below.

IV. FUZZY RULES/ALGORITHMS/CONTROLLERS

Fuzzy controllers combine fuzzy rules and fuzzy algorithms, themselves amalgams of fuzzy definitions, fuzzy
sets, and fuzzy decision theory, into a coherent system that extracts specificity from overlapping ambiguities.

The chief advantages of fuzzy controllers, which have corresponding benefits to those seeking to model legal
rules, are their abilities: (1) to approximate complex mathematical relationships by the conglomeration of
relatively simple mathematical rules; (2) to "blend" or average contradictory rules efficiently; and (3) to
incorporate more, fewer, or changed rules as the situation and the available information demand.

A. Conventional Control Theory

Traditional control theory simulates the actions of an expert (for instance, an expert temperature regulator) by
precise mathematical models. In developing advanced control systems, however, the use of mathematical
models can be costly and computationally complex. This analytical approach is even more difficult when
dealing with uncertainty such as "too much," "too little," "frequently," or "quite often," which are commonly
handled by human experts in industrial control processes.92

B. Fuzzy Control Theory

1. Basics

By contrast, by employing loosely defined variables as "tall" and "fast," fuzzy controllers
enable: "air conditioners, washing machines and other devices [to] judge how fast they should
operate or shift from one setting to another even when the criteria for making those changes
are hard to define."93

A fuzzy algorithm has been defined as:

an algorithm in which some of the instructions are fuzzy in nature. Examples of such
instructions are:

(a) Increase x slightly if y is slightly larger than 10; (b) Decrease u until it becomes much
smaller than v; (c) Reduce speed if the road is slippery. The sources of fuzziness in these
instructions are the underlined words.94

A fuzzy system is a collection of fuzzy algorithms. Bart Kosko has described a three−step process for
constructing such a system by stating:

First, you pick the nouns or "variables." Call these X and Y. X is the input to the system. Y is
the output. . . . If X, then Y. . . . Second, you pick the fuzzy sets. We define fuzzy subsets of
the nouns X and Y. . . .Third, you pick the fuzzy rules [, associating various subsets of X with
various subsets of Y]. . . .95

For example, to automate the operation of a rotary cement kiln, two alternative systems were derived from
discussions with human operators: one involved 75

fuzzy rules and 16 fuzzy variables, and the other involved 13 fuzzy rules and 12 fuzzy variables.96

2. The Fuzzy Air Conditioner



The prototypical fuzzy controller, described at length by Kosko,97 is the fuzzy air conditioner.

a. Variables

In this application, the input, or X, is the temperature of a room, and the output, or Y, is the speed of the air
conditioner's motor.

b. Fuzzy Subsets

The fuzzy subsets of temperature are defined for the example as follows: "cold" (50 degrees and cooler),
"cool" (40−65 degrees), "just right," (60−70 degrees), "warm" (65−85 degrees) and "hot" (greater than 80
degrees). Graphically, these categories are represented as in Figure 8.

The fuzzy subsets of motor speed are: "stop" (0 to 30 revolutions per minute), "slow" (10−50 r.p.m.),
"medium" (40−60 r.p.m.), "fast" (50−90 r.p.m.), and "blast" (greater than 70 r.p.m.). These categories are
represented as in Figure 9.



The fuzzy subsets of both temperature and speed take the form of isosceles triangles with bases spanning the
range of temperature or r.p.m. Setting the height of the triangle for any temperature (or r.p.m. setting)
corresponds to the degree, from 0 to 1, that that temperature (or setting) is a member of the specified subset.
For example, 0, 55, 65, and 75 degrees belong with degree 1 to "cold," "cool," "just right," and "warm,"
respectively; and 50 and 60 degrees each belong with degree .5 to the fuzzy subset, "cool."

Notably, because the triangles overlap, some temperatures (and r.p.m. settings) are members of two different
fuzzy subsets. The r.p.m. setting of 25 belongs with degree 0.3 to "stop" and also with degree 0.6 to "cold."

c. Fuzzy Rules

The fuzzy rules, which match fuzzy subsets of temperature with fuzzy subsets of speed, are simple:

Rule 1: If the temperature is cold, the motor speed

stops.

Rule 2: If the temperature is cool, the motor speed

slows.

Rule 3: If the temperature is just right, the motor

speed is medium.

Rule 4: If the temperature is warm, the motor speed

is fast.

Rule 5: If the temperature is hot, the motor speed

blasts.

The rules, which themselves overlap, are represented graphically in Figure 10, with temperature (input) on
the x−axis and motor speed (output) on the y−axis. Associated with any temperature is either one rule or two
overlapping rules (each of which is partially triggered).



C. Bankruptcy Applications

1. Fraudulent Transfers

In examining the circumstances under which intercorporate guaranties constitute fraudulent conveyances,
Professor Jack Williams has proposed a fuzzy model of the Code's multi−alternative definition of fraudulent
transfer, because:

[t]he binary logic of modern paradigms of the law falls short when describing the vagueness
of the real world. A formal approach to fraudulent transfer law has reduced the system to a
succession of statements that are either true or false, yes or no. Adequate value is either
present, or it is not. A debtor is either insolvent, or it is not. A transfer or obligation is either
fraudulent, or it is not . . . The [proposed] model rejects the predominant contemporary
fraudulent transfer paradigms because of their bivalent nature.98

Professor Williams focused on Section 548(a)(2), which allows the trustee to avoid obligations for which the
debtor:

(A) received less than a reasonably equivalent value in exchange. . . ; and

(B)(i) was insolvent on the date that . . . such obligation was incurred, or became insolvent as
a result of such . . . obligation. . . .99

The Uniform Fraudulent Transfer Act100 and the Uniform Fraudulent Conveyance Act101 are similar
provisions.



Of particular interest to our discussion is this commentator's introduction of fuzziness to clarify the concept of
insolvency. From the three statutes in question, Williams isolated seven different methods of assessing
insolvency of the debtor guarantor, each involving a different permutation of inclusion or rejection of the
value of the contingent liability assumed by the debtor (either ignored, included at present or discounted
value, and/or included with or without discounting for probability of its occurrence, or included at discounted
value limited to asset value of guarantor) and the value of the equitable rights of exoneration, reimbursement,
subrogation, and contribution granted to the guarantor (ignored, or included at discounted value, or at present
value).102

Instead, he proposed a fuzzy new model of calculating insolvency for the purpose of fraudulent transfers:

(1) [I]f the guaranty is absolute and unconditional then, it should be treated as a liability at the
face amount of the guaranty less any payments made.103

(2) If the guaranty is a type other than absolute and unconditional . . . the court should
determine the subjective probability of the guaranty being called based on the facts and
circumstances known, or should have been known, by the parties at the time the guaranty
obligation was incurred.104

(a) If the probability that the guaranty will be called is greater than fifty percent, then the full
amount of the outstanding indebtedness should be realized as a liability.105 In this case, the
court should conduct a fact−sensitive investigation into the value of the equitable rights that
the guarantor can count as assets to offset the liability under the guarantee.

(b) If the probability that the guaranty will be called is less than or equal to fifty percent, then
the guaranty liability should be valued at zero.106

The chief advantage claimed for the fuzziness of this model is that it simplifies the prevailing standard, under
which the court set a probability value (from 0 percent to 100%) on the contingency's occurring, and then
valued the amount of the contingency by multiplying this number by the amount that would be owed by the
debtor (whether or not the debtor had assets to pay).107 Williams also notes:

The contemporary models, however, seek precision at the expense of clarity. In assessing the
probability that the guaranty will be called, courts attempt to fix an exact probability− five
percent, thirty percent, seventy−eight percent. One court concluded that the probability the
guaranty would be called was 1.7%. Why not 1.8%, or 1.6? Courts deceive themselves if they
believe they can make such fine distinctions. Moreover, courts mislead themselves if they
believe fraudulent transfer law requires the exactitude they seek to attain.108

2. Plain Language: Heuristics and Hermeneutics

In a 1992 article, (then−)Judge Stephen Breyer identified:

five different circumstances in which courts might turn to legislative history for help in
interpreting a statute: (1) avoiding an absurd result; (2) preventing the law from turning on a
drafting error; (3) understanding the meaning of specialized terms; (4) understanding the
"reasonable purpose" a provision might serve; and (5) choosing among several possible
"reasonable purposes" for language in a politically controversial law.109

If these five categories were seen as (slightly) overlapping fuzzy sets ranged along the spectrum of
justifications for the use of legislative history, ranging from least (#1) to most (#5) controversial, they could
serve as the "input" for a fuzzy controller whose "output" would be a specified degree of use of legislative
history. These fuzzy sets might include the six interpretive contexts identified above, with one added for the
use of legislative history. The temperature/r.p.m. axes of Kosko's air conditioner could be replaced by



justification/interpretive technique.

This controller would not only allow the Court to model its choice of appropriate technique but would
possibly enable it to "control" the interpretation of future questions in the same manner as the air conditioner
seeks one stable temperature.

3. Rules vs. Standards

To some extent, the "fuzzy controller" view of law addresses the dissatisfaction expressed by exponents of
Critical Legal Studies movement ("CLS") with the loose mix of specific rules and more flexible standards that
are applied by courts and lawyers to solve legal problems.110 In fuzzy logic, a rule is a narrow fuzzy set and a
standard a wide fuzzy set. Both can be used at the same time, and the dividing line between them is vague.111

V. FUZZY EXPERT SYSTEMS

After suggesting that "in the future we may have good cheap legal advice on a chip," Professor Kosko almost
immediately added that "lawyers . . . on a chip would weave a more tangled legal web."112

Behind this proposal is the idea that law can be reduced to an "expert system," which consists of: a database to
which can be added factual information about the situation at hand; a knowledge base, consisting of a number
of fuzzy "if−then" rules derived from existing statutes and legal precedents, and an "inference engine" that
combines the facts and rules to produce an answer.113

However, in keeping with the spirit of direct experience that underlies fuzzy logic's philosophical forebears,
we should remember the Taoist wheelwright who placed little value on books written by "experts" and
"authorities." When asked to explain his rejection of such apparent wisdom he simply said:

. . . When I make wheels

If I go easy, they fall apart,

If I am too rough, they do not fit.

If I am neither too easy nor too violent

They come out just right. The work is what

I want it to be.

You cannot put this into words:

You just have to know how it is . . . .114
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